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Messures of Technological Change and the use of the Trarmslog Function

The Translog Function

L

The analysis of technological change has been carried"»

o
out until recently mostly in terms of the ARROW, CHENERY, MINHAS |
and SOLOW productioﬁ function {(CES}, or in terms of its limiting
form, the COBB—DOUGLAS production function (CD). Such forms,r
however, place.unacceptable restrictions on their parameters

(1) h "Sre

as maintained hypotheses. As stated by FUSS ét al
sﬁould not attempt to fest a hypothgsis in the presence of
maintained hypotheses that have less commonlyraccaﬁfﬁ.ﬁalidity“
as such a préctice would transform the test on _some working
hypothesis into a test of the model itself, i.e., into a test
of the maintained hypotheses. One such overly restrictive
maintainéd:hypcthesisiconcerns the elasﬁicity of substitution

(2)

when there are more than two factors of production.

(1) In FUSS et al (1378) p. 223.

{2) In the multiple-factor production function, there are a
“number of definitions of elasticity of substitution derending
on a; the variables which are held constant and b) the nunber
of variables involved in the operation. FUSS et al, in
FUSS and MCFADDEN (1978) pp. 240-1 classified such different
definitions in terms of one factor - one price elasticity
of substitution, two factor - one price elasticity of
substitution and two factor - two price elasticity of
substitution. They are uwsuzlly evaiualLed atc constant cutput,
constant cost, or constant guantities and prices of factors
not involved in the operation, and could be interpreted as
long-run or short-run concepts depending on whether guantities
of other factors are ©or are not allowed to vary.
MCFADDEN (1963) defines the Direct Elasticity of Substitution
(DES), a two factor - two price short-run elasticity of
substitution as the “elasticity of the input ratio of factors
i and j with respect to the marginal rate of substitution
of these factors, taken along a fixed isoproduct curve with
all remaining factor guantities fixed" (p.74). On page 76 he
defines the- Shadow Elasticity of Substitution (S.E.S.), as
a two factor - two price long-run elasticity of substitution
which can be found by applying the two factor formula to a

(*) This article is a slightly “modified version of chapter 3 of
VA Translog Analysis of Technological Change and Scale Effects in
Brazilian Agriculture: A Case of Inefficient Modernization™, a Ph.D.
thesis present to the Departament of Economics of Harvard University..




BERNDT et al (1973b), UzZawWA (1962), MCFADDEN (1973),
RUSSELL (1975) and GOLDMAN et al (1964), among others, have
derived important results relating the issues of separability, .

i .
pair of factor holding constant the prices of the rcnaining
factors and the total cost (MCFADDEN expressed it in terms
of a cost function). He shows that production functions
with constant elasticities of substitution (defined there
as Direct and Shadow Elasticities of Substitution), such
as C.E.S. and C.D., will have to satisfy the following
conditions globally:

a} there exists a partition { Nl"'T'Ns} of the set [lq.u,n]
of factors such that

1 1 for i, j € N, i# 3

O, ...=
13-. 1 o for 1 £ N_, i€ NS,“r 7 s

{( 1

where o is a positive finite constant, and

b) i and 3 in the same set imply X;F, = X.F, for all

J 3
positive bundles where Fi = 3%5 and F (.} is a
i

production function.

These are obviocusly strong restrictions, although one would
have difficulty in attempting to expiain why it is any more
so than those implied by a two factor C.E.S. form. Note that
if the number cf sets S in the partition eqral the number
of factors n, then all Uij would be equal and constant.

BERNDT et al (1973b) discussed the ALLEN elasticity of

substitution, defined as the response of derived demand foxr
an input i to a change in price of input j, holding output
and all other input prices constant. This could be classified
as a one input - one price long-run concept, and it is the
definition we shall be using with regard to the functional

form used in this thesis:
N -
F. X F..
. - nEp hh | 131 (2
) x.%. |F| ; ‘
R |

where |F| is the determinant of the bordered HESSIAN of
first and second order partial derivatives of the production

function ¥, and lfijl is the cofactor of Fij in F. 1f
the supply of ‘inputs is perfectly elastic (i.e. prices Ere
constant) and under competitive assumptions, then Oij = gii
J
where Eij is the cross price elasticity of derived demand
BRnXi P.X.
E,.. = g = Jl <
ij aknpj and 1Tj n +E _
L P.X,
ii

i=1
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. 3
functional form and the elasticity of substltution.( )

Suppose F (X) is a function of a set of n . inputs denoted

by N = {1,...,n}. The set N can be partitioned in S subsets

'{Nl,....,NS} where N = NlLJNziJ....L)NS and _NrriNt is empty.
Separability is defined as the independence of the margiral rate
of substitution between a pair of inputs froém changes in the

quantity of a third input.

ety

So, separability implies, locally or globqlwg,

(Fi)
a F,
VT

that

F,F,

_ o {(4)
i“ih ~ 0,

Finally, UZAWA (1962) has shown that the AES, defined in

terms of the cost function C (p,Y) 1is equal to
2 ' 2
9 C (p,Y) Bxi (p,Y) ¢ C Q@
_— Y) —m C —_—
C ) o sy © @ e ®) 55 >,
.. = = = 4
oo8C pY) o (p) X (pY) . X5 (prY) ¢ (P 3¢ (P
] . op: . 9p.
9p; op; P; Py
using SHEPHARD's Lemma and assuming constant returns to

scale (C

(p,Y)

Y C (p)).

BINSWANGER (13974a)

showed this

result to be true withdut the homogeneity assumption.

(3)

The issue of functional separability is
to the issue of aggregation and derivatio

directly
n of valus

related
added

~ =
wL

. S S
interest

in

functions, and is one of the main points
~ functional forms, such as the translog production function
which do not assume separability as a maintained hypothesis.
(4) Mutatis mutandis, the same definition can be applied to
the cost function C (p,¥Y). Actually LAU, in FUSS et al
{1978) shows that separability properties in cost functions
imply identical properties in the production functions from
which they are derived, i.e. separability properties in
input prices imply identical conditions in input quantities,
given a homothetic production function and its dual cost
function.
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A function 1s weakly geparable if ( 3) holds for all
i'j’E;Nr and h E Nr; a function is strongly separable if { 3)
holds for i £ N, JE N, and h E'Nr(J N, ; complete separability
‘implies a partition such that § = n, that is, eagh input forms
its own subset,

GOLDMAN et al (1964) showed that functions of the form

2

F (x', %2, ceer X%) ana Fo(x1 4 %2 . cor + X%) where x¥ is &

function of the elements of stbset r only, imply weak and strong

functional'separability, respeciively. Furthermore, "3ERNDT et

al (1973b) ~ have showed that tl.'ve is a relationship between

separability and the ALLEN ela: city of substitution, namely

that the imposition of Separaibv:lity restriction on quasi-concave

homothetic production function F (X) is equivalent to certain

equality and constancy restrictions on its ALLEN elasticities
of substitution. Locally, weék separabiiity &tnmx;sepmmbiﬁty)
is a hecessary and sufficient condition for all Gih’.gjh to be
equal, i,3 € N_, h ENSl(i ENg, 3€ N, h{ N, U N_): also,
_coﬁplete separability is ga necessary and sufficient condition
for all Uij to be equal.

Global separability implies both equality and constancy

of the ALLEN elasticities of substitution. Complete Separability
and equality and constancy of all %5 5 are equivalent restrictions
on F(X). Furthermore, the multi-factor C.E.g. function is the
only form compatible with global complete separability within

the class of guasi-concave homothetic functions.(5> Thus, we

(5) The results obtaineqd by MCFADDEN (1973) described in fcotnote
2 were not derived for the ALLEN elasticity of substitution.
However, as stated by BERNDT et al (1973b), the ALLEN, Direct
and Shadow elasticities of substitution coincide when F

particular case, and is consistent with BERNDT et al (1973b)
results, snecifically theorems 5 ang 6.
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see that both the C.E.S8. and the C.D. form impose unacceptable
restrictions on the substitutability parameter of the production

function, namely regquiring them to be all equal and constant.

s

Ideally, one would like to have flexible functional forms which

Y

iﬁposed as few restrictions as possible as maintained hypotheses,
(6) linear in parameters for ease of estimation and with minimal
number of parameters.

Furthermore, instead of using production functions to
estimate technology parameters, recent develqpments in the
duality theory allow the recuperation of technological pareeters
of production functions through éstimation of its dual, the
cost function. In what follows, we shall first analyse thsa
generation and main properties of functional forms with the
characteristics described above, then the main results of the
duality theory will be presented, and.finally the functiorzl
form to be used in the empirical estimation of this thesis will
be presented and its main characteristics discussed.

A common method of generating general, fﬂexﬂﬂe,xﬂximal
‘and linear in parameters functional forms is the use of TXYLOR
Series second-order ekpansions to approximate arbitrary functions.
(7)AIn general arbitrary functions F (X} can be represented by

a TAYLOR Series second-order expansion around point a as

(6) Specifically with respect to the elasticity of substitution
it is reascnable to ask for a functional form that allows
for arbitrary values between any two pairs of inputs.

(7) FUSS et al, in FUSS and MCFADDEN (1978), discuss the use
of the TAYLOR series in regard to such forms as the C.E.S.,
C.D., Generalized LEONTIEFF, Translog, Generalized C.D.,
Quadratic and Generalized Concave functions. Such fun~tions
are approximations to an arbitrary function about a roint
X*, and therefore its accuracy will be acceptable in a
small neighbourhood of that point. In other regicns of
interest, the approximation may be gquite poor and may even
fail convexity and monotonicity properties. )
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F(a.l A Ayt Xyeeea X ) =F (al’az""'ah.) +

1/, 2 2

5 R
+(X1F1+X2F2+...+XnFn)é+2(XlFll+X22F22+ e+ X P

oo TERKFR T 2XKE e 2% X E ) .+ Remainder ( 5
where the subscript a indicates that all partial derivatives
are to be evaluated at that point.(B) A second-order approxima-

tion to the function F (X} would equal ( 5) withont +he

remainder.

¥

CHRISTENSEN et alii (1973) introduced the transcendental
logarithm production function (translog). It can be interpreted
as an apprbximation to an arbitrary functioﬁ Y =F (X) by a
second-order TAYLOR Series expansion of 1n Y on powers of

In X,. sSo,
i

L

n 1 B n
In¥Y=o + I X +35 I I q.in X 90X, { 6)
0 44 1 i 2 i=1 5=1 * 13

where o, equals the value of fnF(a), a; are the first partial

‘derivatives of &nF with respect to ith variable and o,., are

i3

its second-order partial derivatives, evaluated at the point
of expansion a. With ao ai and aij considered constants,
function (. 6) is'a production function in its own right,

having the properties we described above as being desirable.

It is a.general‘functional form which does not impose,a}nﬁorh

(8) Any function can be approximated by a TAYLOR series expansicn
up to any desired order, as long as the infinite series is
convergent. This requires that the remainder converge to
Zero as n tends to infinity. The remainder is gGefined in
ALLEN (1938) pp. 456; in more compact notation ecuation
(3.5) can be expressed as . : )

_ . n n n

F@+X =ra+ X xr+2 5 5 xyp

41 151 . + Remainder .7 ‘

i=1 =1 * 313




separablility and homogeneity as maintained hypotheses, allowing:
therefore for arbitrary values of the elasticity of substitution
between any pair of inputs; it is linear and has a minimal nurber
of parameters. At the same time, restrictions on'the values of
L
its parameters can be imposed and, therefore, it can e used
to test assumptions such as homogeneity, separability, technical
change and other implications from the theory of production.
Production functions should satisfy cértain regularity
conditions to produce meaningful economic results.(g)
Unfortunately, the translog production function fails to satisfy
the mbnotonicity and concévity conditions over the entire

(10}

positive orthant. . Tt may however, satisfy the conditions

locally making it ne...;sary to test for them in regions of
interest.

. BERNDT et al (1973a) have shown the ' usefulness and
maleability of the #ranslog production function in estimating
the substitutability between equipment, structures and Jlabour
in U.S. manufacturing for the periog l929~68.(ll) They start
‘with a translog production function in n inputs and in =n index
of technological change in v (Xl,X2 L. X r A).. If there are

_ n
constant returns to scale,

gV (XX ,AXyr . AX ,B) = g0V XXy euX,8) + oo

{9) These conditions are the "Conditions I on Productlon
Functions" described later in this chapter.’

(10) All regularity conditions are satisfied gleobally orly if
n .
u&-;ao for all i, I a; = 1 and a.j = 0 for all i,j, in
i=1 )
- which case the translog function collapses into a COBB-
+ DOUGLAS production function. o ‘

(11) Here we use their own notation.
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If it is further assuhed that there is HICKS neutral

factor-augmenting technoleogical change and constant return to

scale, then

K in V (AXlIAXZI"-IAXn)_ = 4n Vv (Xlrxzr-'--:xn) + ZnA

where in V (Xl’XZ""’Xn) is called &n F, so0 that &n V can be

expressed as &n V= n F + in A or V = Fa, Thus, individual

inputs are transformed into an aggregate 1nput F (X ,Xz,...,X )

1
by an input function F, and then such aggregate input is
transformed into output by the tgchnology index A.

Assunming that thé input function F is translog, they
showed that, with no loés of generality, they could estimate
the parameters related to inputs Xl .o Xn’ limiting their
attention to the F function, thus eliminating the techrology
index A from the estimating equations. Specifying that %

. F (xl,xz,X3) ir a I'ranslog constant return to scale input

- function and th-art"‘-ij : and X (i.e. structure,

o 3
:&unlpment and lak« r) are weakly separable from the- reraining
inputs,.they could write

VXK e X B =V [F (%) /X, X,) X4,...,Xn,A]

uéing results obtained by GOLDMAN et ai {1964) maﬁjcméd earlier.
Thus, the authors were able to analyse the structure of production
using a translog input functicn F(leXZ’XB)’ abstaining from .
the technology index and from other inputs, but assuminc F to

be linear homogeneous. These are the‘inputs of interest for

which elasticities of substitution are to be evaluated.

The translog function F is a general form. Assurotions

such as constant returns to scale and neutralitycﬁftedvmhxﬁcal
change can be 1mposed as restrlctlon in the values of its
parameters. Furthermore, 1t is 1nterest1ng to observe thaf the

translog form can be estlmated in an unrestricted form and the
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assumptions which are made can be tested for. If accepted; the
- restricted translog form with the assumption included as a
" maintained hypothesis can be postulated. _

BERNDT et al (1973a) proceed to derive 41l the.desired

separability hypotheses between iﬁputs lexz and X in.terms

3’
of required parametric restrictions, includiﬁg, the case of
coﬁplete global Separability, when the translog collaﬁses into
~a COBB-DOUGLAS function. Finally the estimated parameters are
tested for consistency with the postulated hypothesis.

The appeal of this study, .in addition to the specific
résults abéut sepérability and, as a result, the existence ox
not of consistent aggregate input indices, is that it highiights
fhé maleability and generality of thestranslog function, al’owing
for testc oﬁ assumed economic properties such as homogenzity,
convexity, mbhotonicity, separability and types of
technological change, which other éommonlyuused functionzl
forms assume a priori to be true.

A similar demonstration of the gualities of the
translog function can be obtaingd from CHRISTENSEN et alii
(1973). DENNY et al (i977) used the tfanslog function (crocuction
and cost functions) to test for tﬁe assumption of separability
in Canadian manufaéturiné between capital and labour, on the
" one hand and*intg;mediary inputs on the other. Separabilizy is
a necessér& cohdition for the existence of real wvalue 2dded
functions;”They differ from BERNDT “et  al (1973a)
methodology in that they interpreted the tranéloé function as .
an approximation to a true function rather than as the exact
one, thus relaxing somewhat the_parametric constraints necessary
for the existence of functional separability. |

TODA (1976) used the C.E.S., the Generalized Linear and

the Translog production functions to estimate elasticities of
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substitution for the Soviet Union. Instead of assuming HICKS
" neutrality as others have done;, he introduced a ldxmnﬁeugmﬁﬁﬁng-
technological change specification in his estimated C.E.S.., é
factérwaﬁgmenting specification in his Generalized Linear and
a general HICKS biased technologiéal change specification in
his estimates using the translog production function. We are
not sure to what extent his estimates are comparable, given the
aifferent set of assumptions made for each of them.

CORBO et al (1979), using cross-section data from
individual establi-hments in Chilean manufacturing estimated
tﬁe unresfricted tfdﬁélqg érbduction function and tested- for

. :»@ COBB-DOUGLAS form ( i.e. complete

-
ity

the suitabiz iy ©

sepafabiliti; _nd <or the existence of economies of  scale.
For most industries they found ?vidence of the existence of
constant returns to scale and of the suitability of the COBB-
DOUGLAS form. -

7 BURCESS (1974) uses the translog form in analvsing
demand for inputs and followed BERNDT and CHRISTENSEN's approach

for the implementation of the translog .production function.

"Main Results of Duality Theory

Before we proceed to analyse the translog cost functicon,

let us present the main results of the duality theory as far
as it is relévapt in connecting production and cost functions.
The duality theory could be defined as that opart of

economic theory which tries to analyse the jmplications and the

extent to which certain properties attributable to basic concepts,
- \

e
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such as a production function, carry over to economic constructs,
.such as a cost function and vice-versa. We know that given a
production technology represented by a production function, it
is possibledéo derive a cost function through the process ﬁqu
profit maximization behaviour, assuming competitive markets.
Thé guestion we want to ask is the following: what can }» known
:a priori about a cost function, given a production function
with known properties? Alternatively, we would like to know
what are the properties of a production function implieé by a
known cost functica.

We shall s=e ‘that theré is an underlying duality
between production fuﬁctidns and cost functions and that under
certain conditiens all the relevant information ab&ut technology
can be'recuperated from the study of cost functions without
the need to derive the underlying production function. This
result is of greét fiportance, since it allows the study of
technological change without the need to estimate a production
function. It suffices“to estimate the eccnomic constructs based
on the production function, such as cost functions, profit
functions, factor démand'functions or factor share ‘fﬁnctions.
This procedure has innumerable advantages, among them the

statistical convenience of greater availability and reliability

of data and less stringent maintained hypotheses on the basic

- -

estimation model. OF course, we must assume competitive inarkels
and profit maximization behaﬁiour, which direct estimation of
a production function must not. On the other hand, such
assumptions are the basigs for economic théory, and one way or
another, they always creep inbanyway in most studieé basad on
the broad framework known as neoclassical theory.

There are two ways b; which to derive systems of factor

demand equations. The first method involves the solution of a




constrained optimization problem using LAGRANGEAN or mathematical
- programming methods. Since the factor demand equations are

solutions to such problems, it is possible to derive cost

"fuﬁbtions.(lz) | ~
Let's define the cost function as
C (p,¥) = min p X
s.t. Y = F(X) { .8)

given a vector p of factor prices. Letting x* be the least
‘expensive way-to produce a certain level of output ¥, the
_first—ordef conditions to the éptimization problem ( 8) yield

the set of n factor demand equations,

‘ X* (p,¥) . i=1,...,n ( 9)
: !
so that
C{p,¥Y) = p.x" ( 10)

This process of deriving factor demand equaﬁibns and
the cost function can be long, tedious and sometimes very
. complex, The prqduction technology F (X) haé to be known, and,
through cost minimizing behaviour in a Compétitive environment,

it was possible to derive the cost funciion Clp,Y).

H

(12} Constrained cost minimization problems yield conditional
factor demands functions as solutions X, {p,¥), where ' the
demand for factor i is a function of the vector of input
prices given a determined output level Y. Constrained
profit maximization problems yield unconditioned factor
demand functigns as solutions, Xi (E’py) , where the

demand for factor i is a function of the vector of input
prices p and of output price p,,. In this study we shall be

dealing with the former demand functions. )
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An alternative way to derive factor demand eguations
is simply to differentiate C(p,Y) with respect to input prices.

This result, known as SHEPHARD's lemma, allows us to differentiate

c(p.Y) and arrive'at demand functions consistent with _the

o -
I

optimizing behaviour described by (3.8}. Thus,

aC(p,Y)

* . - N .
X; (psY) = 35;"——— . i=1,..0,mn. | (Lkll)

This route certainly is much simpler than solving the constrained
optimization problem ( - 8), but its validity depends on assessing
whether the properties of the production funétions implied by
the given o~ iunction C(p,Y) are acceptable, and on hoﬁ they
characteriﬁe i hie underlying prédﬁction function’F(E). The
dquality thea:y does help in carrying out this task.

At the risk of being tedious, £he second approach can

be further eﬁemplified by duality'mapping in an attempt to draw

conclusions about the properties of the underlying technology
implied by & known cost function C(p,Y¥Y). Such a cost function

was derived from input requirement sets V(Y) defined as

V(Y)={§:(Y,~gg_)€y} ' ' (1)
and gives us all input bundles that}mfoCeaﬁ:1eaﬂ:Y,(l3)so that
C(p,Y) = minimum { p. X : X € V(Y)} o 13)
, x
(13) The vector (Y, - X) represents a specific production plan

 with Y as the output and the X as the vector of inputs.
The negative sign indicates an input. Y is the set of all
possible pattern of inputs and outputs, and gives a
complete listing of technological possibilities available
for production. It could alternatively be defined as

v = {x:r=v) T
remembering that '
F(X) = maximum { Y : X E‘V(Yi] , C1m)
Y =0

Given the definition of a cost function, V(y} could also
be defined as ‘

vy = | X : E}E;C(Y;E)} | ( 16)

-
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Given C{p,¥) what can we say about the productioﬁ
technology embodied in such a cost function? First it is
necessary to conétruct such technology (duality mapping) ‘and
then u%é the ‘duality theory to draw conclusions about it. -

Figures 1 and * 2 show ué how to construct the
technology implied by C(p,Y).

DUALITY MAPPING L
X2 - X2 .

5{5‘-9 x<Cl(p,¥)}

Figure | ; Figure 2

. The technigue involves the elimination of the (Xl,Xz)
points which do not belong to the inpﬁt requirement sets { 12).
Usiﬁg C{p,¥Y) we draw isocosts for a given p and for a given
.level of output Y. Figure .1 showé one such isocost. ANy
 input bundle X in the shaded area cannot péssibly produce Y
since if it could, pX < C(E,Y) and by definition of the cost
function, it would have been used.

In Figure 2 two more isocost lines afe.drawn, each
related to ‘a @ifferent set of input prices p and as a result
we are able to eliminate further sub-sets of input bundles X
which do not belong to v(Y). Repeating this procédure for all
possible p, we derive inpu£.requirement sets V(Y) described” in

Figure 3 by the shaded area. -
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clpY) for all gz‘b}

Fiqwe 3  CONSTRUCTED INPUT REQUIREMENT SET ¥(Y)

It is:possible to state that_the yet unknown ~input
requiiement sets.(the true technélogy)‘V(Y) are contained in
¥ (Y) since all input bundles which were not in V(Y) Qere
eliminated. We cannot say, however, that V(Y) = V(YY) without
examining the properties of those sets. This ié what " duality
theory does, in tryiné'to establish rélationships between the
“£rue" teﬁhhology v(Y) and the constructéd technology VfY)
derived from a known cost function Cl{p,Y). l

The easier.way of arriving at factor demand functions
by applying SHEPHARD's Lemma can only make sense if there 1is
a way of assuring that the relations derived from the cost
function C(p,Y) are consistent with an e§Onomfcally meaningful
technology. If so, it is possible to state that all- of  the
economically meaningful information carried by a production

function is reflected and coptained in ;ts cost function and,

therefore, it is possible to recuperate such information by
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"simply analysing cost functions. This procedure has considerable
advantages over the manipulation of production functions.
Following DIEWERT (1971), the main results of the ,
SHEPHARD.Duality Theorem are summariéed, without proofs. These
can be obtained directly from the‘cited sourge.(lq)
We begin by stating three sets of conditions called
"reqularity conditions" which one would want to be satisfied

by I} a production function, II) a family of input reguirement

setg and ITII) 'a cost functiocn.

Conditions I on the Production Function F:

a) F is a real valued function defined for every input bundle

X0 and finite if each component of X is finite.
! |

1 2

b) F is monotonic, that is, if X' =X’ then F(X1) > F(X)

(free disposaﬂ; also, F(0) = 0.

c) F(X) tends to infinity “or at least one non-negative sequence
of vectors (every output level is producible by some input

bundle).
d) ¥ is a right continuous function.

e) F is a quasi-concave function, that is,\NY)::{;g: FQQEZY]

is a convex set (diminishing returns).

(14) In addition to DIEWERT (1971) the following- sSources were
used in summarizing the main results of the dualityv theory:
DIEWERT (1974), VARIAN (1978), UZAWA (1964), FIS5 et alii
in FUSS et al (1978), SHEPHARD (1953) and MCFADDEN (1966) .
DIEWERT (1974) has a brief historical note on the development
of duality theorems where it can be seen that such results.

i, were partially known to many authors as early as 1932 and
that they were freguently derived independently and/or
simultaneously by different authors. i
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Conditions IT on Input Requirements Sets v(y):

d} V(0) = the non- negative orthant; V(Y) 15 non-empty, closed,

o

and does not contain the origin for y » 0

B} V(Y) is a convexr nat,

.

¢} Monotoniecity, that is, 1f X is in V(¥) and x1s X then X

—

also belongs to v(Y).
, 1:> 2 1, . 2
d) If Y =¥ then V(Y™) ig a subset of w(yv R

&'l For every X there‘exists a Y such that X does not belong to

V(Y)o o e

f} Graph V ig S Lad set,

' Conditions ITT on Cost Function C(p,v): ~

a") C{p,Y) is. positive, real valued ang finite.

b") C(p,Y) is a left continuous function in ¥, and tends to

infinity as Y tends to infinity,
c") C(p,Y) is monotonic increasing in p.

a") Cip,Y) :s linéar,.homogeneous in p for every Y, that ig

for A>0, cOp,) = ac (p,Y).

e") C(p,Y) is a concave function in P for every v that is for
0<AK L, cOp' + (1-n) R Y) = 2C(p',v) + (1-2) C(p",v)

where p' and R" are two vectors of input prices.

We now reproduce four theorems, stated ang proved by
DIEWERT (1971), relating the production function F, the input

requirement sets V(Y}, and the cost function Clp,Y).
\ y




Theorem 1 : A production function F satisfying conditions I
implies that the input requirements sets V{Y)

defined by (- 14) satisfy ng&itions II.

Theorem 2: A family of input requirements sets V(Y) satisfying

Conditions s imphgsihntthe prnduction function F
defined by ( 15) satisfy Cnnditions I. Moreover

the input requirements sets which can be generated
by F by means of (- 14) coincide with the original

- Input requirement sets with which we started.

Theorem 3: A family of input requirements sets V(¥) satisfying
Conaitions II implies that the cost function C(p,Y)
defined by (. 13) satisfy Conditions ITI.

i
1

Theorem 4: A cos! {unction C(p,Y) satisfying Conditions TIT

impli-?fhanthe input requirement sets V(Y) defined
by ( 16) saﬁisfy Conditions II. Moreover the cost
function C(p,Y) which can be generated by V(Y) by
means of (* 13) coincide with the original cnst

function with which we started,

“These theorems are represented in Figure * 4 to facilitzte
their understanding. For instance, the middle part of Figure
4, representing theorem 3, is simply telling us that a cost
function satisfying Conditions IIT can be derived by use of
~ definition ( 13) from a family of input reqnirement sets which
satisfy Conditions II. The other parts of the Figure can be

analogously interpreted.

|




F(X)

CONDITIONS |

F (X)

SATISFYING @@

CONDITIONS |

Figure:
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( 14)Theoremi >
SATISFYING

vi(yY)

SATISFYING
CONDITIONS 1l

V=
Theorem 2

vV}

vViY)
SATISFYING

CONL NG o

v (Y)

SATISFYING
CONDITIONS I}

Ll

(- 13),Theorem3 >

v (Y)
SATISFYING

CONDITIONS 1l

4 SHEPHARD'S DUALITY THEOREM

< ( .I6),Theorem 4

clp,Y)
SATISFYING
CONDITIONS il

Clp,Y)

CONDITIONS HI

C(Q,Y)= C’(E,Y)
Theorem 4

~ Clp.Y)

SATISFYING
CONDITIONS 1l

SATISFYING

THEOREMS 1 AND 2

]

‘g

THEOREM 3

"4 AND B

THEOREMS




The usefulness of the duality theory can now be stated;m

Suppose we are observing a wcrid where there is only one

wtéchnology that prodﬁces a certain product: in other words,
there is only one production function F(X) satisfying our

- required regularity conditions. By theoremll, we could derive
a family.of input requirement sets v(Y), also éatisfying its
required regularity conditions. Associated with the tedumhxﬁcal
requirements expressed in F(X) and V {Y) theré is an observable
cost function C(E,Y) which also s::i3-7v itg regularity conditions

by th::\rw —m 3,

Lt 15 pussibie 7.5 ests m-~ﬂ54' e F(X) or C(p,Y) or both,

The guics: _urr is: if we want to analys- rhe factor demand
functions 7or the factor share functions (a!s we actually do,
studylng technologlcal change) where do we start? First let's
observe that if we assume that there " -»ly one technology,

then Figure 4 collapses to Figure . _5_‘,_.'here all equal F(X),

V(Y) -and C(p,Y) were superimpdsed. (353

F (X) ( 14), Theorem | vV (Y)

{ I3), Theorem 3 CipY)

SATISFYING
( Je)Theorem 4 CONDITIONS 111

SATISFYING
CONDITIONS |

SATISFYING
{ 15),Theorem 21501‘\IDITIONS Il

Figure. - 5: SHEPHARD'S DUALITY THEOREM WITH A SINGLE
TECHNOLOGY

(15) Observing Figure 4 it can be seen that if F(X) = t" (X).
than it collapses to Figure 5. The proof can be found,
. mutatis mutandls in DIEWERT (1971), theorem 4,




Returning to our probiem, it is possible to derive
factor demand equations by observing F(X) and go through the
constrained optimization ?roblem ( 8). Theorems 1 and 3 assure
us that if F(X) satisfiesfits regularity- conditions, the céerived
cost function énd therefore the démandﬂ%unctions, should be
well-behaved. This route, although frequéntly pursued can be
an arduous one, as we have noted.
Alternatively, it is possible to start by observing

the cost functions, which presumably satisfy .conditions IIT,
apd using SHEPHARD's lemma arrive at the fac£or demand functions,

certainly a much easier route to follow. The duality results

- represented in Figure - 5 assure us that, associated witk any

cost Function satisfying regularity conditions, there is an

underlying technology which also satisfies regularity conditions.

“rhus, it is possible to recuperate all the information zbout

rechnology without having %o observe production functiorns

- themselves, since all economically relevant information zbout

"technOIOgy‘is‘embodied in the cost function. It suffices to

- estimate parameters of cost functions, and all technological

information implied by production functions are known. This is

the main statement of the duality theory in production

(16)

analysis.

An important aspect of SHEPHARD's theorem is that.. the

regularity conditions are not really very strong. Maybe the

(16) We could generalize and say that any function which
catisfies Conditions IIL is -the cost function of a tedmology
which. satisfies regularity conditions. e
Furthermore, two propositions proven by VARIAN (1978) on
pages 145 and 42 are worth mentioning: (assume regularity
conditions are satisfied) :

a) 1If the technology exhibits constant returns to scale,
the cost function C(p,Y) is linear, homogeneous in Y,
and may be written as YC(p). ‘ .

b) If the cost function. is linear,,hbmogeneous in ¥, then
the technology must exhibit constant returns to scale.
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strongest assumption is the convexity of the input requirement

" sets V(Y) or the quasi-concavity of production functions F.

Actually this requirement can be somehow relaxed, as LUZAWA

(1964) and VARIAN

(1978) have shown.

By means of ~.:lity mapping desci’®ed in Figures

2 and 3, it is possible to construct a family of input

- l,

'requirements set V(Y) which contains the underlying technology

v(Y}. If all regularity conditions are satisfied by the

underlying technclogy V(Y) theorems 3 and 4 make V(Y) = ¥(Y).

Suppose

~ that the original technology V{(Y¥), from

which the C{p,Y¥) used in the duality mapping was derivéd, is

non-convex ansd rewizsonsoaic. The constructed (YY) will be a

convexified a::i =«

verstonisad version of V(YY) since we used

in

constructing V{(y) a cost function which contained .only the

Y

economically relevant information of the original technology.

Figure = 6 below i

X2

:otrates this case.

At

Figure 6  RELATION BETWEEN V(Y) AND THE
CONVEXIFIED AND MONOTONIZED W(Y)
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The constructed technology V(Y) contains not only V(Y)
but élso the cross-hatched areas, thus convexifying and
monotonizing the original technology., Furthermore, the cost

fpnction C(p,Y) generated by V(Y) coi~ides with C(p,Y),
generated by V(Y). In this sense, th:_»ssumption of convex

input requirements 7ets can be reli: 4 wiiie =irill generating

meaningful cost fu.ctions.

The Translog Cost function

The translog cost function, mutatis mutandis, is defined

in a striéﬁly analogous way to the translog production functions

Then
= = ' 1 ‘ :
NBW—HW)NQ—HW}[%+§%Rma+2§§%jm%m%] (- 17)
l ll 1 )
where H is an'increasing monotonic function with H(0) = 0, and -

represents the returns to scale specification of the function;

for the function (. 17) to satisfy Condition TITT on Cost Functions

r

for all p>> 0 it would be required that Bi =0 for all i
)X Bi = 1 and Bi. = 0 for all i,j, in which case { 17)

i b

collapses to the COBB-DOUGLAS form.(l7) If any Bij # 0, then
.there is no simple set of parametric restrictions which assure
‘us that regularity conditions are satisfied and therefore, like

the translog production functions, they would have to be checked

locally. Additional comments made about the translog production

function (. 6) apply, mutatis mutandis, to the translog cost

function (- 17)‘

(17) The COBB-DOUCGLAS is a self-dual form so that thg dual and
the primal belong to the same class of functions.. ..




It is. important to_ point out théﬁ in { 17; o hawy
assumed that the cost function satisfies homotheticity )
conditions in which case the more general form C(p,Y) is
expressed as H{Y) C(E) where C(E) is the translog unit cost

functlon.(lg)

The reason is that observed ShlftS in input
combinations ove; an isoquant map are the result of three
different effects: -bstitution effects’aldng an isoquant,
shifts of the isoquant caused by scale effects and technical
change effects.
In classifying technological change
it is necessary to isolaté effécts caused

by changeé in facter intensity. Figure 7 shows unit isoquants

in a two—factbr_wm:fﬂf"Suppose that we do not know .what the
isoquants 1sak TEa, and we want to exp;ain an observed input
combinaﬁiéa {hgpje from point A at time t to point B at time
t?+ 1. Boil: combinations produce one unit of qutput and are
cost minimizing iﬁput'bundles. The slope of ray OA defines the
factor intessity at time t, our initial peri@d of observation.
Assuming thai the production function is well~behaved, points
A and B mus* be on different isoquants, called isoquants t and

t + 1 respectively. The guestion is, what can we infer -about

the nature of the unit isoquaht shift?

Albuquerque (1985) showed that a change in

relative factor shares depends on the blas of technological

'change, on the elasticity of substitution and on changes in
(18a)
factor intensity. Furthermore, HICKS biased technological change

was defined in terms of changes in relative factor shares at a

(18) WBre homothetlclty not sssumed, the translog form would be applled
to the maore general form C(p,Y), with n + 1 variables
(p, for i = l...n, and Y) instead of the n variables of C(p); Y

woilld be symmetrlcally 1ntroduced, as any other variable P )

1 =
& 2 :
=~ = B+ 1 - 3 R where 5 is the percentage

e

(lBa)

change in share of capital (Sk) cver share of labour (S5L), B is the
degree of Hicks bias of technological change, & is the Aller elasti-
city of substitution and ® is the capital labour ratio.
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~given factor intensity level. Thus, in terms of Figure -7 we

must check the effect of the isogquant shift on relative factor
shares along ray OA. By doing this,the change in the factor shares ratio | '

-~

S = B and the bias of technological change is defined by

observing if S, evaluated at a constant factor intensity level

is positive, negative or equal to zero, in which cases

technological change would be capital-~using, 1about+using or

hard

neutral, respectively. The question now resumes to

=luating
the change in relative shares at the point of the isogquant
" going through point 3 (isoquant t + 1) where it intersects ray

OA,

. nimizing input bundle A, the relative

factor prlce eL,”o equals minus the sloPe of isocost C . If

f the 510pe of the unit 1soquant g01ng throuhg B evaluated at
where 1t intersects ray OA is steeper than the slope of isocost .
CO, then technologicel change has been capital-using, if
flatter, labour-using apd if fhey are equal, technological 7 :
change was neutral. As we have seen, relative factor prices,
factor intensity and relative shares are not all independent.
Thus an increase in the price of labour relative to that of
cepital, given a fixed factor iﬁtensity, implies an increase
in the share of labour relative to that of capital. Since this
is an aggregate analysis, whereby factor-iﬁtensity is ah |
exogenous variable dependent on relative factor Supplles, the
factor price changes necessary to induce factor use changes
from input bundle A to input bundle B wlll be determlned by

its elasticity of substitution along the isoquant t + 1.

x




t+1

C1 .

0o | _ K

Figure ~7 TECHNOLOGICAL CHANGE, SUBSTITUTABILITY'
AND SCALE EFFECT IN A UNIT ISOQUANT MAP

- Suppose now,. that‘in‘addition to technologicalxchange,
isoquanﬁs also shift because of scalé effects. So, the movement
of the unit isoquans from t tort + 1 cannot be attributable to
technological change only. In general, it wouldrnothe possible
to identify technological biases, since it would not be

possible to identify the shift in the isoguant due to

technological progress alone. Measuring the slope of the

isoguant t + 1 at W in Figure - 7 and concluding that a

-certain change in relative factor share implies a certain type

of bias, could not be correct. Acﬁually, we would not be -
measuring technological effects alone but a combination of
technologlcal and scale effects on factor shares. 7

Of course; the problem could be avoided by postulatlng
homogeneity of the production function. A weaker assunption
however, that of homotheticity, would suffice. Homotheticity

implies that ‘'scale’ effects shift the 1soquants in a parallel

way, maintaining factor shares constant with respect to scale.
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Thus, any changes in factor sﬁares measured along the raf (0):
‘can be attributed only to biased technological change.

BURGESS (1975) warns against pitfalls in the specification
of technologies fhroﬁgh the duality theory. %él shows «féat
estimates of elasticitv of substitﬁtion based 6n the same set
«f data, differ substantiailg when estimated by a translog
production function as compared to estimates ’by a translog
cost function. The difference persists even assuming both
iranslog functions to be approximations to g true function,
rather than exact representgtions of a technology,

T}_iz'_,s is to Be =xp=cted, since, unlike the COBB-DOUGLAS
and the C.#.5. forms, the translog form is pot self dual. If
prodﬁctgbu;g*d cost fuuctiogs belong to the same class of
functions, chen it shoulg not matter which one ig actually
used in.eConombtric estimates (since they incorporate the same
maintained hypothesesg) . But in the case of non-self-dual forms
such as the translog, there is 5 difference invblved, escecially
if they are considered exact representations of technolcgy.ug)
of course, théy could be considered as two different
approximations to a true technology bﬁt the question then is,
whiéh one should be chosen? Since both forms can adopt the
same behavioural'assumption'of cost minimization, we are left

with no a priori reason for choosing one rather than ancther,
O

and this should make interpretations of translog estimates less

definitive and more conjectural.

comparing them, uniless Such comparisons are based on
goodness of fit which each one provides to the data.
CHRISTENSEN et al (1973) actually pointed out this isspe
in their introduction to the translog form,
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The translog cost function has been widely used, among
others by BERNDT et al (1975), who estimated elasticities of

substitution and tested for separability in a mdel incorporating

~ >,énergy as an explicit input:in- production. HALVORSEN (1977)
élso estimated energy substitution in US manufacturing,
diéaggregating energy;inputs oRT R electric_éhergy, fuel oil,
haturallgas, and coal. HUMPHRMY et -al (1975) analysed
substitutability Eééween primary factors of productioh
{(capital and labour) and an ayyregate of natural rescurce
inputs, utilizing_%bth the trarn~i.g production function and
the transipg cogtjfunction as coilmeting equations, CHRISTENSEN

et al (1976) . ana<ysed oronomies »f scale in the US electric

power-generating” indu .4, F =~ ing_inicially a non-

. 4 e . .

homothetic trnzlog comi fnnci® v and sequencially introduced
. 1 |

restrictions of homotheticity, -hcmogeneity and unitary

elasticitiess i 55 15 section data in

stitution; i taud

an effort ttiav@idﬁidentifica{'T:EE;, “betveen scale effects
and technicﬁx change.
Returning to the-analysis of.cf_@ function in its most
general formulation, it can be represented by o
C = C(Y,p,t} - _ (- 18)
where'tétal cost is a function of the level of output ¥, the
‘vector qf factor prices pi_and t;me, standing for technological
change. The transloé representation of ( 18) can bes wriﬁim_'aé
) ,

- 1 $ 2
nC = B + i B, fp, + 3 i?sij fnp, ﬂnpj + By Iy + 2_Byy (2nY)” +

3

: L1 2
T By MY + B (1) + 5 B (D74 i By fnp, (t) +

-+§BiympiRQY \ o 1,3,=1...nA ( 19)
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(20)

with symmetry, conditions BVr = B_ assumed as maintained

v
* hypotheses (v,r = 1 ... n,t,y).

Equation ( 19) could be differentiated with réspect_

to its arguments. Differentiéting with respect to input price

Pse we have

' ‘aanc _ _dc  Yi ,
aznpi api C

-e

but gg = Xi by SHEPHARD's i.umma, where Xi iz the derived
i L '

demand for input i. Then

asnc_ _ X3Py
anpi_ C B

is the cost share attributable to input Xi' Thus,

D, = B, + E Bij Rnpj B, (E) + BiylnY‘ | (-20)

i,j5=1 ... n

is a system of n equaticns showing cost shares as functions of

input prices, technological change and scale of operation.

Furthermore,
3¢nC _ |
STE) = By *+ Btt(t)'+ Byt EQY + 2 Bis Snp, {21

1

is the rate of technological progress, i.e., the reduction in
cost due to the passage of time only, all other variables such

as prices and quantities remaining constant. Last,

.nC _ ’ | ‘

x

o
(30) This condition can be tested for, as a test of the translog
specification itself, if equation (° 19) is estimated
without the restriction imposed. See BURGESS (1974).




.shows the effect on cost of changes in the level of output.
The translog cost function can be estimated either directly

through linear equation (- 19) or indirectly through systems

: 21
composed of equations ( 19) and (- 20)3 (21)
“.  parametric restrictions P n o impesed on egtation
(' 19) to make it satisfy == * .ired cipditions. (22) Initially,

-oneewould like any cost funcliic.: Lo satisfy Cénﬂitions.III cn
Cost Functions.

Monotonicity and concavity are not satisfied globallwy
by the tranélog cost function, except in thé case where . it
collapses—to the COBB-DOUGLAS form requiring

: 0 1. _ - _ (23} oz
By> 05 BBy =l By =By =By =0 ( - 23)

Lgcally however, the translog ccst function can be checked for
;monotonicity in prices and in output. The conditions to be

satisfied requiré that the set of estinated parameters are such

that equations (- 20} and ( .22) are positive. The concavity

in input prices condition requires that

{21) Estimation of the unrestricted eguation { 19) would

. + .
involve 1 4+ (n + 2) + (n : 2)2(n + 3) parameters, while
estimation of the differentiated translog cost function
would reduce the number of parameters by 1, i.e., the
constant terms in eguation S 19). ; '

- {22) Although the parametric restrictions are stated here in
" terms of the translog cost function, the same can be donse,
-mutatis mutandis, to any other translog function, such as
profit functions, revenue functions, production functions
-or utility functions.

(23) The usual homothetic COBB-DOUGLAS cost function would
require that the following conditions be satisfied

Bi>0;“ iBi =.1; Bij=sit=3iy=syt=0 _ '( 24)

so that it could be expressed in the form
_ ‘ g
- i
C = [aHpi ] H(y) A(t)
i

where H(Y) is positive monotonic, H(0) = 0 and A(t) is a tem
for HICKS neutral technology change. The translog cost function
(and production function) can also be reduced to the C.E.S. form by
the imposition of non-linear restrictions, requiring non-linear
estimating methods. ’

3




R

2

a} the bordered HESSIAN matrix of %EQEE— be nejative
. ' 19P5

definite

b) the HESSIAN matrix be negative semidefinite -

2 -
a C ) » k) ] . &
be negative semidefinite

Bpiapj

¢} the matrix

‘within the range of input prices. BINSWANGER (1974b) has’shown

that the concavity condition can be translated into the condition

that the matrix“{ gij] of partial elziticities of substitution

be negative sew?i~*

coeity in prices is & condition which must

be satisfied 1.- <= fur-:tion, e ey translog cost function

2n C{¥Y,p,t), cen Y3 satisfied if

n C(Y,lE;t),uxfﬁ c{Y,p,t) + &n A. ihe following restrictions

on equation (3;19)‘would assure th~t . rthis ondition is met:

( 25)

. ' ' i 24)
IB,=1; DB, =L B, =B, i B, = 0f
i 1 i it i LY PR i ij
Other important restrictions iy bxr imposed on the

translog cost function. They are not essential features of
regular cost functions, but are important conditions which the
translog form allows ﬁé to test.for, and whiéh have been often
assumed as maintained hypotﬁeses in traditional econometric

models based on COBB-DOUGLAS or C.E.S. functions. They are

homotheticity and homogeneity.

(24) Linear homogeneity in prices implies (n + 3) restrictions
in the general translog cost function. The last two
equalities of ( 25) are not independent restrictieons,

_ since it is implied by the equality stated before it and
\ by the symmetry assumption.
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Homotheticity of ppoduétion in inputs is a desirable
\assumptién of cost functions if we want to analyse technological
change. As stated above, it means that isoguants shift in a -
parallel wayfﬁféh reséect to'scqle effects leaving distributhﬁ
shares undisturbed. Homotheticity implies that the cost
. fﬁnction can be written as a separable function in cutput on
the one hand, and factor prices and time on the other. Thus,
c(Y,p,t) = C*(E;t) H(Y). The following restrictions imply that

¥

the cost function (3.19) is homothetic:

0 © " 4i=1...n ‘ ( "26)

degree of returns to scale (homogeneity of degree s). Homogeneity
implies, innaddit%pn to restriction (..26), that the elasticity
of cost with ﬁéspect to output is constant (= s ). Thus, it

implies that 2&n [C*(R,t) H(AY)] = In [é*(g,t) H(Y)] + s RnA.

which can be satisfied if
B, =s; B =0 ' ( 27y

and constaﬁt returns to scale implies s = l.(25)
Traditionally, econometric studies have ignored
technolegical change by assuming_g fixed technology. While
this assumption may be acceptable for short-run analysis, it
certainly lacks realism when applied to long-run studies.

Together with the assumption of constant returnhs to scale (or

(25) Homotheticity implies (n + 1) restrictions on ( 19);
homogeneity implies’ one additional restriction; constant
returns to scale, for @nst@nce, implies (n + 3) restriction
on the general translog cost function, since B = 1 is an
additional constraint. ¥
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the weaker assumption of homotheticity) it means that factor
shares remain constant but for changes in the exogenously given

factor proportion ratio {in the case of aggregate analysis) or

in the exogenously determined factor price ratio (in the case

of disaggregated analysis). This can be seen by recalling that”
Ll . . |

under these assumptions factor shares changes are determinred solely by

. movements along an isoguant, assuming no technological change, i.e.,
~ l ‘-~ 7
§5= 1 - —/— R

Alternatively, the issue of technolodical change has
been avoided, while its existence, is still.acknowledged by
assuming érslightlg Jeaker assumption than no technological
progr?ss,'namely”Hi;ﬁS néutrality.( 6) By the same reasons,
changes in factor input mix and factor shares would not come
about unless - xogenously iméosed or through changes in market
determined ir;at prices. .

UZAtn-il“Sé) has. shown that a HICKS neutral tednxﬂxglcal
change can b critten as F(X,t) = J(t) F(X) where J(t) is a
~function of ::ime. In terms of its dual cost funbtion, it implies
that C(¥,p,t) = J*(t) C{Y,R).‘Thus, HICKS neutrality can be
imposed on equation (3.19) by making it satisfy the followirg

restrictions.(27)

Byt = 0; Bit =.0 i=1...n {( 2B)

*The general translog cost function {".19) could ‘have
been written as 2ncC =_C(£nE,RnY, f(t)) instead of assuming,-as
in (*.19), that f(t) = t. WILLS (1979) estlmated translog
cost functlons using various alternative specifications. One

‘of them was a biased technical change model assuming f({t) = t.

x

(26) See, for instance, BERNDT et al (1973a). Their apoproach,
described above, was followed by a number of authors
using the translog function framework. ]

{27} Imposing HICKS neutrality implies (n + 1) restricfions
in equation ( 19). i




fODA (1974), using a tfanslog broduction function, made
£f(t) = tz. Both models'introduced technologiéal"change by
making it a function of the index "t" which, due to the
dynamic hature offtechnical process, represents a éontinuous
process of changes in technology. In this framework, not
.assuming HICKS ;neutrality, allows for meésurement of bias

of technological change, i.e., the B terms are estimates

it
of factor-using (or saving) biases since they measure the
change in factor shares due to the passage of time only,

keeping all other variables constant. From egquations (- 20)

and recalling the meaning of equations ( 21) { 22) and

{(( 23) we have a measure of bias as (assuming f£(t) = t)
.BDi . :
'—-"'ggE'—"-" = Bit i=1...n ( \29)

This model also allows for a simultaneous neutral component of
technological change. As implied by neutrality; the measure of
the neutral component is not in equatidns “{ 20) since

neutrality does not affect factor shares. 3ut- it is direc:ly

measurable from equation (- 21) and equals [Bt + Btt(t)] . The

- remaining terms in equation ('@ 21) show the effects on the

rate of technological change of the biased cdmponents ﬂlﬁgt.hga}
—— - i *

and aimmm.(syt #nY} which céptures the effects of changes in
scale as if they were dﬁe to changes in‘techpology. Recall

that by assuming homotheticity, conditions ( - 26) have to

be imposed, eliminating this last term from equation { - 21}

y &nY) from equations (. 20), another

Y

and also the term (Bi




source of indeterminacy between effects of technological changes -

and scale changes.(zs)

" The Fadtdr—Auéﬁenting Translog Cost Function

Alternatively, technological change may be introduced
by replading khe index t (or b(t)) by an index of productivity
A(t). Thus, the translog cost function could be written as
c{iny, fnp, Ena(t)). This general form, whe?e all +t's were
replaced by fnA(t), yields the came interpretation with respect
to the parameters B's, the‘only_ﬁifference being the more
realistic assumption of not ﬁ;;essarily assuming that
technological change1qccurs smeothly over time as the index ¢
suggests.

| If we assume that all-productivity changes are factor-
augmenting,' then C(&n¥, fnp, &nA(t)) can be written as

c{iny, fnp + 2nA(t)). The following (n + 3) restrictions would

apply in ( 19) (29)
Byt =0
VBRnAi
Be = i By vy
.BRnAi oLnA. . _
Byt 2_§§ Bij 5T ¥ i=1...n { 30)
ginAa,
Big = § Bis T3¢

(28) Homotheticity must be assumed if technological progress is
identified to changes in measured, or observed, total cost.
Of course, the coeteris paribus condition mist be satisfied
{i.e. constant input ratios}), a highly urilikely event, or
else, - cost data must be adjusted to reflect constant
conditions of production. The estimation of the translog
cost curve allows technological change to be measur=ad
without assuming homotheticity, a solution to the so-called

"impossibility®™ problem in measuring technological
progress.

‘ I \
(29) Of course, all t's would have to be replaced in translog

cost function by appropriate EnAi (t) and the inp, would
become f2n (p;3,). ' 1
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so that the translog cost function with factor-augmenting woulg,

* become .
gné = 30 + T 3,£npi { % L B,. Rnpi np, +
o1 } ' i3 P -
+ B ANY + 3 8 2¥? ¢ 3 B, tnp, fny +
o vy i iy i
1 "' ' L
+ L B, ZpA, + 5 2T 2., &nA, fnA, + II B,. Inp, RnA. +
i 1 i 2 15 3 i 3 i 13 i Jj
1] = ;
+ T By fnag eny T (@ 3L)
'Equations-(,_20),'(;_213 ;id (?-22) become
= y R . + . . . . ’
Di Bi + ? "33 !anJ Bly iny + g 813 inAJ (  32)
. ] 3
) : gink,
ainC 2&nC i
=3 =I |B, +5% 8B, j4PAS + I B fnp. +
ot i SQnAi ot i [ 5 j 3 ij 3
BﬂnAi . |
9InC — g 4+ B_enY + B, (inp, + fna.) ( 34)
9&nY Y vy iy i i _

HICKS neutrality in factor-augmenting form requires

that C(inp + &nA, 2nY) = H(fnR) C™(inp, gn¥). The terms

1nv01v1ng lnA are

o 1 ' S
LB, nA, + 5 LIB.. &nA, &nA, + IIB.. fnp, 4nA. +
i b i ? 15 1; i J i3 ij i i
_ -
+ i Biy lnAi iny ) - {~ 35)




This exwressioﬁ can be a  function of the fact.
augméntation coefficients alone, only if Biy = 0 and Bij = 0,

which reduces our cost function to thé trivial COBB-DOUGLAS

case. (30 ' . . .
vy

If we assume equal rates of factor augmentation and

e

homogéneity in prices of cost functions, Ai(t) Aj(t), then

’

{3.35) becomes

snA (1 + ?Z' Bj5 &mpy) ( 36)
J
Now, {  36) cannot be equal to zero unless Bij = 0, in which

.case we return torthe COBB~DOUGLAS function. Thus, we dg not
know how to express HICKS neutrality paramétrically in an

unrestricted factor augmentation framework.(3l)

Assume now that the rate of factor augmentation is

constant, i.e. the Ai(t) are such that the price variables in
the translog cost fﬁnctions are "éorrected" by the increased
efficiency of the input i. Thus the price of facth i in
efficiency units is

*

Pi = p; exp (ait) . | _ ( 37)

. such that C(&nY, fnp + Ina(t)) =.Cliny, iinp;) and A, (t) = exp (a,t).

Substituting into equation { 31)

1 ' 1 w2
MmC=8.4+3% B, Inp, + 5 IL B.. n . Anp, + B fn¥ + = Iny™ +
R e b Bt B T ¥ 2 By
+ ZB,  Snp. Y + 5B, a.t + l—gi B.. a,a. tz-;
4 Y i~ PRE ! 2 tj'ij 173
) .. a, fnp, £+ % 8, . .
+ i? 313 aj- ; : Bly alt Lny. | | ( 38)

{(30) Biy = 0 together with the factor augmentation restriction
Byt = 0 means that the function has to be homothetic. The

remaining restrictions Bi5 = 0, reduce the translog cost

function to the trivial ¢ BB~DOUGLAS case (assuming
) homogeneity in prices}). ' -
{31) We can still test for HICKS neutrality, i.e. test for

Bij = 0 and Biy = 0; of course, such a test would really

b@ a test for the COBB-DOUGLAS framework.
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Equation ( 38), compared to equation (- 19), has n new

parameters, i.e. the constant rates of factor - augmentations
(22)

WILLS (1959) used the facto réugmenting framework to
estimate rates and biases of technologicail change, assuming
coﬂstant rates of. factor augmentation, | |

BINSWANGER (1973, 1974b) estimateq rates and biases of
technological progress using a somewhat diffefent rtechnique
which allowed for relaxation of the assumption requiring
constant rates of factor augmentation.(BB) His method invplved
the independent estimétion of the_[ﬂij]_matfix using crbss—
section data assuming, thefefore, no changes in technology.
The ééfimated matrix of Bij coefficients ig then'ﬁsgd to

generate a series of factordaUQmenting coefficients. Assuming

constént returns to scale and factor~augmenting technological

change the cost share eqqaﬁions ( 20) can be written as
D:L = B, + § Bij-ﬁn NJ

(32) Even assuming constant rates of factor augmentation, we
collapse to the C.D. case in imposing HICKS neutrality
Parametrically. This is not the case, however, assuming
equal and constant rates of factor augmentation, in which-

case the restrictions to be imposed are'ZBi =0 and
Bij = 0, a slightly weaker restriction than the COEB-DOUGIZS
case which forces all Bij = 0. But then, it means that

- homotheticity is not assumed (it requires B;y = 0}, in
ﬁgisgecase scale effects_arg not isolated from technological

(33) He actually used two models. nig "Model B", assuming
constant rate of bias, is a model like ourueqﬁation (3.1%)
where he introduced £f{t) = t ang assumed homotheticity;
Since he estimated the pParameters of the cost function
using its derivative with - respect to factor prices (i.e.
‘€ost share equations) aljl the terms involving the 1level .
of output dropped out, leaving only those involving factor
Prices and time. Hig "Model B" gig not assume factor-
augmenting technological change. Hisg "Model A", és%umipg
factor augmentation, ig described in the text. :




where N. is the input price corrected for efficiency changes - .- =
. J :

P. :
(L.e. N, = Xl)' pDifferentiating totally, we have
7 ‘ |
’ = L = z . dﬂ,n T dgn A-) i = l s I
dp, X Bij din NJ Bij ( pJ . 3 ' |

3 3

Imposing the necessary restrictions due to the fact -

i
it is possible to generate a series of factor augmentation

'that £p, = 1, and thus the matrix [Bij] is not of full rank,

coefficients as follows:

n-1 _
= . dinp. ~ df - {(dfnA, ~ df&nA )].
-i'j:l'2¢.-(n"l)

where [Bfi] is a square matrix of dimer-:ion (n - 1), from
. 31 . . .

where it follows that

.7 . _.l \I N

where da is the vector [anAj - dﬁnAnJ ' ¥ is the vector

[dﬁnpj - dinpn] , and dD is the vector wadbserved factor
shares. | -

As we can see this method of generating estimates of
ﬁéctor—augmenting coefficiénts does not require the assumpﬁion
of constant rates of factor augmentation, but it does re@uire_
.the independent estimation éf the matrix [Bij] , ideally assuming

that all production units are in the same production function.(34)

(34) BINSWANGER (1973) used cross—section data to estimate

813] , assuming that all observational units had egual

technological possibilities available to them. -Note that '
from dD = [B;j] ap” - [B;j] da it is possible to estimate

the changes in factor shares which would have occurred in
the absence of any price changes, i.e., those changes in
factor share due solely to technological change, dD . To
do so, set dp* = 0, which yields
' = = _ * * ) i
dp* = - [8]y] da = 4o - [ ;4] de | _
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it should be mentioned that it is possible to inu&ﬁuoe.‘

technolbgical change in the translog cost functions assuming

both HICKS neutral and HICKS biased factor-augmenting

(35) This would be possible writing

technolégical chahge.
c{enY¥, fnp, t) as J*(t) C(tny, Rnﬁl+ %na) requiring, therefore,

"~

the interpretation i -tin: fnotor auguwentation coefficient Ai(t)

as an index of faciwr picductivity change and J*(t) as
techinological change dne to the passage of time per se. This

»7d reguire the.-imposition on eguation (¢ 19) ° of

rexisictions (- 28) wosocd "i wiiho as well
aé;zéstrictions { |
representétion of iqsﬂ~“’“:>ﬁ$'ﬁ

Last, it should T2 e
seﬁarability can be conveniently tackled by :he translog
functichrframework. EERNDT et al (1973b) have developed the
set of parametric restrictions required for various types of
separability in terms of homothefic translog production
functions. The separability conditions on cost functions are
‘analogous to those in production functions.

Let us assume that there exists a cost function C(Y,p)
chafacterized by homotheticity in pfoédction, such that it can
be written as C(Y,BY = H(Y) C(p) where H(Y) is an increasing
monotonic function of output only, and C(Ef is the unit cost
of production as-a function of input prices only. Iet us ﬁ#iher
assume that there is no technological change, or, alternatively,
‘ accept the weaker assumption of ﬁICKS neutral téqhnological

progress, Then, separability in terms of a cost'fﬁnction_ can

be defined in an exactly analogous way as the definition stated

- = -

{35) Using JORGENSON et Alii (1971) terminology, this involves
introducing both output-augmenting and factor- augmentlng
technological change.




by equation ( 3), after rgplacihg the production function F(.)
by the unit cost function C(.). The qualifications of weak
separability, strong separability and complete separability
apply to cost fuhctidns in a strictly parallel way.(3?)i
It should be noted that.tg; definition of the ”;oncept
of separébility involves th< .ndependence of the marginal rate
of substitution between selected pairs of inpnts,'with respect
tb guantities of third inputs. If the existence of such
independence is the critexl:-.s that discriminates separable from
non-separable production . -¥illogiles, then it becomes necessary
to distinguish when a possible dépendence of the marginal rates
of substitution, with resfijﬂzto guantities of third inputs,
igs a result of ?unctionai separability, and when it is a result
of technolocgical change or scale effects. By the same reason
that,raé explained in Figure ; 7, it becomes necessary to
account for nén*homotheticity if we ‘are to identify biases in
technological change, it becomes necessary to assume - that
possible nanparallel-shifts of the unit isoguant caused by
changes in quantities of third factors, cannot be caused by
either heterothetic or HICKS biased shifts of the unit isoquant
Unless such assumptions are made, it is not possible
to classify a production process as to its separability
characteristics, scale and technological effects, all
N simultaneously.gThus, restrictioﬁs (- 26) and.( -28) shoﬁld be
imposeﬁ on the granslog cost funééion { 19) ﬁecoming

e - l , h »
InC = BO + ?_ Bi ﬂnpi + 2 JE.:-:E]: Blj Enpi 'Q'npj,+ o

: 1 2 1 2
+3y£nY.+25yy(mY) +gt(t)+§sttt 0 39)

- L

- \ -
{(36) See BERNDT et al (1973b) and LAU, in FUSS et al (1978).
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The separahility cpndition that must be satisfied for

" inputs i and j to be separable from input h is

€5 Cn =€ %n 7O oLl

Weak separability requires (fa40) to hold for'inputs i

and j in one partition and h in another; strong separability
requires (- 40) to hold for inputs i, j and h,'ali belonging to
“distinct partitions; complete separability requires, in addition

+o strong sepz-2bility, that each partition possesses only one

input. Diffes.. Zuting ( 39) and substituting in (3.40) we get
the separabiuffi.hondition
- DjBih =0 ( 41)

As shown by BERNDT et al (1973b), condition (- 41) is satisfied

if o \ \

a) th = Sih = 0, in which case the elastlgltles of

substitution Ujh é Osp = 1, or
B B' B' ’ (
b) Ei = E&E = EEE , in which case the elasticities of '
3 Jh jr

o _ (37)
substitution 0., Gjh # 1.

Tn arriving at the non-linear restrictions (b)Y din their
original work BERNDT et al (1973b), using a translog
production function, required the assumption of constant
returns to scale, so that, in terms of the production
function parameters, the -equivalent of the conditions (b)

137)

: oy o o ‘
above, were _* = ~ih _ Tir .. Now, when using the translog
. O ajh ajr
cost function, the conditions
EY,. =% Y3 =ZEL Y.,.=0
i 13 - j - 13 ij l.J .

required to derive the non-linear separability conditions,
are those necessary for linear homogeneity in prices, a
condition which every cost function must satisfy. Thus,
using the translog cost function it is not necessary to
require constant returns to scale as a maintained hypothesis,
a clear advantage of using the dual instead of thep¥imal.
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